In this paper, we investigate the relationship of quantum teleportation in quantum information science and the Birman-Murakami-Wenzl (BMW) algebra in low-dimensional topology. For simplicity, we focus on the two spin-1/2 representation of the BMW algebra, which is generated by both the Temperley-Lieb projector and the Yang-Baxter gate. We describe quantum teleportation using the Temperley-Lieb projector and the Yang-Baxter gate, respectively, and study teleportation-based quantum computation using the Yang-Baxter gate. On the other hand, we exploit the extended Temperley-Lieb diagrammatical approach to clearly show that the tangle relations of the BMW algebra have a natural interpretation of quantum teleportation. Inspired by this interpretation, we construct a general representation of the tangle relations of the BMW algebra and obtain interesting representations of the BMW algebra. Therefore our research sheds a light on a link between quantum information science and low-dimensional topology.
Introduction
Quantum entanglement [1, 2] is the key reason why the quantum information processing outperforms the classical information processing, and has been widely exploited in quantum information and computation science. With the help of quantum entanglement, an unknown quantum state can be transported from one place to another place, dubbed quantum teleportation [3, 4, 5, 6] . On the other respect, there are natural similarities between quantum entanglement and topological entanglement [7, 8] , where the latter characterizes topological configurations of links or knots [9] . Nontrivial unitary solutions of the Yang-Baxter equation [10] , called the Yang-Baxter gates, have been introduced to clarify such similarities [11, 12, 13, 14] . They can detect knots or links and can be viewed as quantum gates to perform universal quantum computation as well. Note that a thorough understanding about a relation between quantum entanglement and topological entanglement remains unclear.
The Yang-Baxter equation [10] arose in the study of both 1+1-dimensional quantum manybody systems and vertex models in statistics physics, and its solution naturally gives rise to a representation of the braid group describing links or knots [9] . Both the Temperley-Lieb algebra [15] and the BMW algebra [16] are exploited in the systematic construction of solutions of the Yang-Baxter equation [17, 18, 19] . The Temperley-Lieb algebra is associated with solutions of the Yang-Baxter equation with two distinctive eigenvalues and is related to the Jones polynomial in knot theory [9] , whereas the BMW algebra is associated with solutions of the Yang-Baxter equation with three distinctive eigenvalues and is related to the Kauffman polynomial in knot theory [9] .
Previous research has extensively studied the relationship between quantum teleportation, the Temperley-Lieb algebra and the Yang-Baxter equation [20, 21] . The extended Temperley-Lieb diagrammatical approach [20, 21] is devised to characterize topological features of quantum entanglement and quantum teleportation. However, the former research either concentrates on the topic of quantum teleportation using the Yang-Baxter gate or on the topic of quantum teleportation using the Temperley-Lieb projector. Since a representation of the BMW algebra is generated by both the Yang-Baxter gate and the Temperley-Lieb projector, there remains a natural question to be answered: what about quantum teleportation using the BMW algebra? In this paper, we investigate this problem and expect to find something novel which is not presented in [20, 21] .
In the two spin-1/2 representation of the BMW algebra [22, 23] , we view the Temperley-Lieb projector as a two-qubit quantum measurement operator and the unitary braid representation as a two-qubit entangling gate (the Yang-Baxter gate). We show that the Temperley-Lieb projector and the Yang-Baxter gate are capable of performing the quantum teleportation protocol, respectively. Besides, we study the teleportation-based quantum computation [24, 25] using the Yang-Baxter gate. Furthermore, we realize that the tangle relations defining the BMW algebra involving both the Temperley-Lieb projector and the Yang-Baxter gate give rise to the teleportation protocol directly. Moreover, we are able to construct interesting representations of the BMW algebra in the extended Temperley-Lieb diagrammatical approach [20, 21] different from the representation in [22, 23] .
The paper is organized as follows. Section 2 reviews the two spin-1/2 realization of the BMW algebra. Section 3 and 4 perform the quantum teleportation protocol via the Temperley-Lieb projector and the Yang-Baxter gate, respectively. Section 5 is about the teleportation-based quantum computation set by the Yang-Baxter gate. Section 6 presents the quantum teleportation interpretation of the tangle relations in the BMW algebra. Section 7 describes a method of constructing a general representation of the tangle relations of the BMW algebra. Section 8 is on concluding remarks. Four appendices are added to complete the paper. Appendix A reviews a relation between the Brauer algebra and quantum teleportation [20] , since the BMW algebra is a deformation of the Brauer algebra [26] . Appendix B collects the extended Temperley-Lieb configurations of the Yang-Baxter gate which are not in the main context of the paper. Appendix C shows the procedure of constructing interesting representations of the BMW algebra. Appendix D introduces the new conventions and notations to simplify some complicated algebraic relations in the paper.
Review on the BMW algebra
In this section, we make a brief sketch on the definition of the BMW algebra [16] and its two spin-1/2 representation [22] in the viewpoint of quantum information and computation. Meanwhile, we set up notations and conventions for the whole paper. In addition, we make a simple study on the Brauer algebra [26] in Appendix A whose deformation is the BMW algebra.
The BMW algebra B n (w, σ) [16] contains two complex parameters w and σ, and it has two types of generators: the one denoted as e i associated with the Temperley-Lieb algebra [15] and the other one denoted as b i associated with the braid group [9] , with i = 1, . . . , n − 1. The TemperleyLieb idempotents e i satisfy the defining relations of the Temperley-Lieb algebra,
with d called the loop parameter. The braid generators b i satisfy the defining relations of the braid group,
The first type of the mixed relations between the Temperley-Lieb idempotents e i and the braid generators b i are given by
where 1 1 denotes the identity operator, and the second type of the mixed relations are given by
which are called the tangle relations in this paper. Note that there is a constraint relation among the three parameters d, σ, w given by d = 1 − (σ − σ −1 )/w. A tensor product representation of the BMW algebra B n (w, σ) can be in general constructed in the following way. The Temperley-Lieb idempotents e i and the braid generators b i assume the respective forms,
where the symbol E is called the Temperley-Lieb matrix and the symbol B is called the braid matrix. It means that the Temperley-Lieb idempotents e i and the braid generators b i are acting on the vector space of the ith and i + 1th sites. Furthermore, the braid matrix B has three distinctive eigenvalues denoted as λ 1 , λ 2 and λ 3 with the constraint relation λ 2 λ 3 = −1. The parameter σ is set as σ = λ 1 , and the parameter w is set as w = λ 2 + λ 3 . A spin-1/2 representation is characterized by the two-dimensional Hilbert space H 2 with the basis states |0 and |1 . In convention, the state |0 stands for spin up and the state |1 for spin down. A single qubit in quantum information and computation [1, 2] can be physically realized as a spin-1/2 representation, and its quantum state has the form |α = a|0 + b|1 with complex numbers a and b satisfying |a| 2 + |b| 2 = 1. A quantum gate is defined as a unitary transformation acting on qubits, for example, a single qubit gate including the identity operator 1 1 2 , the Pauli X gate and the Pauli Z gate given by
Note that Z|i = (−1) i |i with i = 0, 1 and the Pauli Y gate is defined as Y = ZX. A two spin-1/2 representation, which can be recognized as a physical realization of a two-qubit system, is described by the four-dimensional Hilbert space H 2 ⊗ H 2 with the tensor product basis states |i, j or |ij with i, j = 0, 1. An example for the two spin-1/2 representation of the BMW algebra has been shown in [22] , in which the associated Temperley-Lieb matrix E has the form
−ie
with the real number φ, and the associated braid matrix B has the form
with three distinctive eigenvalues λ 1 = e i5π/4 , λ 2 = e i3π/4 and λ 3 = e iπ/4 , λ 2 being doubledegenerated. The parameters σ, w and d in the BMW algebra B n (w, σ) can be calculated as
In this paper, since the Temperley-Lieb matrix E satisfies the idempotent relation E 2 = E, it is viewed as a two-qubit projective measurement operator. On the other respect, the braid matrix B is unitary satisfying B † B = BB † = 1 1 4 , and thus it is a two-qubit quantum gate [1, 2] , called the Yang-Baxter gate [20] in the following study.
Quantum teleportation using the Temperley-Lieb projector
In this section, we construct a complete set of two-qubit projective measurement operators with the Temperley-Lieb projector E (8) as a special case, and then exploit such a set to describe the quantum teleportation protocol in the extended Temperley-Lieb diagrammatical approach [20, 21] .
The Temperley-Lieb projector as a two-qubit measurement operator
In quantum information and computation [1, 2] , the well-known complete set of two-qubit projective measurement operators is formed by the Bell states [21, 27] given by
with the single-qubit gate W ij = X i Z j and the EPR pair |Ψ = 1 √ 2 (|00 + |11 ), and the Bell projective measurement operator is denoted by |ψ(ij) ψ(ij)|. Note that the Bell states |ψ(ij) form an orthonormal basis for the two-qubit Hilbert space H 2 ⊗ H 2 , named the Bell basis. The orthonormal condition for the Bell basis (or the orthonormal condition for the Bell projective measurement operators) is given by
with the Kronecker delta function δ ij = 1 for i = j and δ ij = 0 for i = j, which is equivalent to
with the index † denoting the Hermitian conjugation.
In view of the construction of the Bell projective measurement operators |ψ(ij) ψ(ij)|, we reformulate the Temperley-Lieb projector E (8) as a two-qubit projective operator,
where the Bell-like state |Ψ M00 denotes the EPR pair |Ψ with the local action of the single-qubit gate M 00 ,
After calculation, the single-qubit gate M 00 can be expressed as a product of elementary singlequbit gates, M 00 = R φ HSHR φ . The symbols H, S and R φ stand for the Hadamard gate, the phase gate and the phase shift gate [1, 2] , respectively, and they are given by
Note that both the Pauli Z gate (7) and the phase gate S are special cases of the phase shift gate R φ , namely Z = R π and S = R π/2 . Furthermore, a complete set of two-qubit projective measurement operators E ij including the Temperley-Lieb projector E (8) as a special case, E = E 00 , can be constructed in the way
with |Ψ Mij = (1 1 2 ⊗ M ij )|Ψ , where the single-qubit gates M ij have the form
Note that the Bell-like states |Ψ Mij form an orthonormal basis for the two-qubit Hilbert space H 2 ⊗ H 2 with the orthonormal condition given by
Here we make remarks about both the Bell states |ψ(ij) and the Bell-like states |Ψ Mij . First, both states can be exactly determined by the complete basis of unitary operators W ij (or M ij ) [28] . Second, they are maximally entangled states in quantum information science [1, 2] . Third, all of the associated two-qubit projective measurement operators are able to generate the representation of the Temperley-Lieb algebra [20] , and thus all of them can be called the Temperley-Lieb algebra projector.
Extended Temperley-Lieb configuration of quantum teleportation
In the extended Temperley-Lieb diagrammatical approach [20, 21] , the Bell state |Ψ is pictured as a cup configuration and its complex conjugation Ψ| is pictured as a cap configuration; a singlequbit gate acting on the Bell states is pictured as a solid point on associated configurations. Thus the Bell projective measurement operators |ψ(ij) ψ(ij)| have a diagrammatical representation shown as
where the diagram is read from the bottom to the top corresponding to the convention that the algebraic expression is read from the right to the left. Furthermore, the solid point representing a single-qubit gate U on the cup or cap configuration is able to flow from the one branch to the other branch with an additional transpose on such the gate U , shown in
which is related to the algebraic formula
with the symbol T denoting the matrix transpose. Note that the property that a single-qubit gate flows on the configuration plays a crucial role in the extended Temperley-Lieb diagrammatical approach to quantum teleportation [20, 21] . In quantum teleportation [3, 4, 5, 6] , Alice has an unknown qubit |α to be transmitted to Bob and meanwhile shares the Bell state |Ψ with Bob, namely, Alice and Bob prepare the state |α ⊗ |Ψ . Such the initial state has the extended Temperley-Lieb configuration,
where the qubit |α is depicted as a vertical line with the symbol ∇ at the bottom. Now Alice performs the Bell projective measurement |ψ(ij) ψ(ij)| ⊗ 1 1 2 on her qubits, which is illustrated in the extended Temperley-Lieb configuration,
with the dashed line denoting the time boundary between the initial state and the Bell measurements. On the left of the diagram, the identity operator 1 1 2 is drawn as the single vertical line; after the single-qubit gate W † ij flows from Alice's system to Bob's system with the transpose, (W † ij ) T = W ij , the unknown qubit |α has been transferred from Alice to Bob because of the topological deformation. On the right of the diagram, the factor 1/2 is a normalization factor contributed by a pair of vanishing cup and cap configurations. Therefore, this diagram (25) is related to the algebraic formalism
which is formulated, with the completeness relation of Bell projective measurement operators,
called the teleportation equation in [21, 27] . Finally, Bob has to acquire the Bell measurement results labeled as (i, j) from Alice in order to apply the unitary correction operations W † ij on his qubit to obtain the unknown state |α . Note that the teleportation protocol of Bob sending an unknown qubit |α to Alice can be characterized in
called the transpose teleportation equation in [27] .
Quantum teleportation using the Temperley-Lieb projector E ij (17)
In quantum teleportation [3, 4, 5, 6] , we are allowed to replace the initial maximal entanglement resource |Ψ with the Bell-like state |Ψ M00 (15) and replace the Bell projective measurement operator |ψ(ij) ψ(ij)| with the Bell-like projective operator E ij (17) . Similar to the teleportation configuration (25) using |Ψ and |ψ(ij) ψ(ij)|, the teleportation of an unknown qubit |α from Alice to Bob using |Ψ M00 and E ij has the extended Temperley-Lieb configuration given by
corresponding to the algebraic formula
with the symbol * denoting the complex conjugation, which can be reformulated as the form of the teleportation equation,
It is worth mentioning that the single-qubit gate M 00 initially acting on the Bell state |Ψ has been transferred to Bob from Alice and has become the single-qubit gate acting on Bob's qubit. Furthermore, the extended Temperley-Lieb configuration of teleportation of an unknown qubit |α from Bob to Alice can be drawn as
which is associated with the transpose teleportation equation
Comparing the equation (27) and the equation (28), we see that the matrix transpose is performed from W ij to W T ij . By contrast, looking at the equation (31) and the equation (33), we have no transpose because of (M 00 M *
Moreover, when i = j = 0, the single-qubit gate M 00 M * ij in the teleportation equation (31) is identity, M 00 M * 00 = 1 1 2 , and the Bell-like state |Ψ M00 can be prepared by applying the Bell-like projective measurement operator E 00 (17) . Thus the teleportation of an unknown qubit |α from Alice to Bob can be viewed using the Bell-like projective measurement operator E 00 ,
which can be derived from the equation (30) . Similarly, the teleportation of an unknown qubit |α from Bob to Alice can be described in the way
where M T 00 M † 00 = 1 1 2 has been exploited. Hence the operators (E 00 ⊗ 1 1 2 )(1 1 2 ⊗ E 00 ) and (1 1 2 ⊗ E 00 )(E 00 ⊗ 1 1 2 ) are capable of describing the teleportation protocol: the projector E 00 on the right works as the state preparation channel and the projector E 00 on the left as the Bell measurement. In general, quantum teleportation can be performed using the operators (E ij ⊗ 1 1 2 )(1 1 2 ⊗ E lm ) and
where E ij is not required the same as E lm .
Quantum teleportation using the Yang-Baxter gate
In this section, we study the application of the Yang-Baxter gate B (9) to quantum teleportation. First of all, we show that this gate can be regarded as a generalization of the Bell transform [27] which is a unitary basis transformation from the product states to the Bell states. In view of previous research [27] of quantum teleportation using the Bell transform, we introduce the extended Temperley-Lieb configurations of the Yang-Baxter gate B and focus on the extended TemperleyLieb configuration of the teleportation operator (B ⊗ 1 1 2 )(1 1 2 ⊗ B).
The Yang-Baxter gate B (9) is the Bell transform
The Yang-Baxter gate B (9) acting on the product states gives rise to the Bell states with the local action of single-qubit gates modulo a global phase factor,
where e iαB is a phase factor depending on the indices i and j with i, j = 0, 1. Interestingly, the inverse of the Yang-Baxter gate B, denoted by B † , acting on the product basis, also generates the Bell basis with the local action of single-qubit gates,
where the factor α B † is distinctive with α B . Therefore, both the B and B † gates are a generalization of the Bell transform [27] with the additional local action of single-qubit gates. For simplicity, we call the Yang-Baxter gate B as the Bell transform in this paper 3 . Obviously, the Yang-Baxter gate B (or B † ) is a maximally entangling two-qubit gate [1, 2] , since the Bell states are maximally entangling two-qubit states and the local action of single-qubit gates does not change the entanglement property of the Bell states. Any two-qubit gate U [29] is locally equivalent to the two-qubit gate e i(aX⊗X+bY ⊗Y +cZ⊗Z) modulo local action of single-qubit gates with three non-local real parameters (a, b, c), and the entangling power [30] of the two-qubit gate U can be defined as
ranged from 0 to 1, where e p (U ) = 1 means that the U gate is a maximally entangled two-qubit gate. After some algebra, the non-local parameters (a, b, c) for the Yang-Baxter gate B take the value of (
, so e p (B) = 1. In addition, the Yang-Baxter gate B can be decomposed as a tensor product of elementary quantum gates expressed as
where the CZ gate [1, 2] has the conventional form 3 The Bell transform B ell in this paper is defined as
where k = k(k ′ , l ′ ) and l = l(k ′ , l ′ ) are bijective functions of k ′ and l ′ , respectively; e iφ kl is the phase factor; and S kl and Q kl are single-qubit gates. Such the definition of the Bell transform differs from the proposed definition of the Bell transform in previous research [27] where single-qubit gates S kl and Q kl are not involved.
The quantum circuit corresponding to such a decomposition is illustrated in
where the over-crossing feature in the box means that the B gate is a braiding operator [9] , and the overall phase e i 3 4 π is neglected, and the configuration of two solid points connected with a vertical line represents the CZ gate (41). Note that the decomposition (40) of the B gate using at least two CZ gates is optimal according to the criterion [31] of calculating the least number of the CZ gate to perform a given two-qubit gate.
Extended Temperley-Lieb configurations of the Yang-Baxter gate B (9)
In accordance with previous research [21, 27] , a given Yang-Baxter gate is allowed to have various of equivalent extended Temperley-Lieb configurations. Here we investigate at least five types of extended Temperley-Lieb configurations of the Yang-Baxter gate B (9), three of which will be presented in this subsection and the remaining two of which will be presented in Appendix B.
The formula (36) verifies that the Yang-Baxter gate B (9) is the Bell transform (38) and the associated Bell transform is expressed as
With the definition of the Bell basis (11) and the flow (23) of a single-qubit gate on the Bell state |Ψ , the Yang-Baxter gate B can be further reformulated as
with
So the first extended Temperley-Lieb configuration of the YangBaxter gate B is pictured as
where the vertical line with the symbol △ represents the state 0| and such the line with the action of the Pauli gate X represents the state 1|. Note that this configuration is read from the bottom to the top, different from the convention of reading the quantum circuit (42) from the left to the right. Furthermore, the formula (37) verifies that the inverse of the Yang-Baxter gate B is also the Bell transform (38) and surprisingly after some algebra the Yang-Baxter gate B can be related to the inverse of Yang-Baxter gate B with the local action of the single-qubit gate,
Thus the second extended Temperley-Lieb configuration of the Yang-Baxter gate B is shown in
which appears quite different from the configuration (45), although they describe the same YangBaxter gate B (9). Moreover, the third extended Temperley-Lieb configuration of the Yang-Baxter gate B is due to the application of the spectral theorem [1] , that is, the Yang-Baxter gate B has the decomposition
where the Temperley-Lieb projectors E ij (17) are eigenstates of the Yang-Baxter gate B with the respective eigenvalues λ 00 = e i5π/4 , λ 01 = λ 10 = e i3π/4 and λ 11 = e iπ/4 . The associated extended Temperley-Lieb configuration of the Yang-Baxter gate B is shown as
with single-qubit gates M ij defined in (18) . Although three configurations (45), (47) and (49) of the Yang-Baxter gate B are equivalent, when and how they will be exploited completely depend on a specific circumstance; for example, the first and second configurations are immediately applied in the following subsection and the third configuration will be used in Section 6.
Quantum teleportation using the Yang-Baxter gate B (9)
The quantum teleportation [3, 4, 5, 6] can be characterized by the teleportation operator [21, 27] , which is the tensor product in terms of the identity operator, the Bell transform and its inverse. Here the Yang-Baxter gate B is the Bell transform (38), see (36) and (44), and especially the inverse of the Yang-Baxter gate B is related to the Yang-Baxter gate B by the local action of single-qubit gates, see (37) and (46). Hence we define the teleportation operator as the tensor product in terms of the identity operator and the Yang-Baxter gate B, namely (B ⊗ 1 1 2 )(1 1 2 ⊗ B) for simplicity (instead of (B −1 ⊗ 1 1 2 )(1 1 2 ⊗ B) orginally introduced in [21, 27] ). With two types of the extended Temperley-Lieb configurations (45) and (47) of the YangBaxter gate B, the extended Temperley-Lieb configuration of the teleportation operator
where the single-qubit gate U ij (46) flows from Alice's system to Bob's system with the transpose and the single-qubit gate W i,j,k,l has the form
In view of this configuration, it is obvious that an unknown qubit |α can be transmitted from Alice to Bob by topological deformation with the additional action of the single-qubit gate W i,j,k,l . Consider the action of the teleportation operator (B ⊗1 1 2 )(1 1 2 ⊗B) on the initial state |α |kl . With the help of the configuration (50), the corresponding teleportation equation is expressed as
where the factor 1/2 is due to the vanishing of a pair of cup and cap configurations. To complete the teleportation protocol, Alice performs the product basis measurement |ij ij| on her qubits and then informs the measurement results (i, j) to Bob. Afterwards, Bob applies the unitary correction gate W † i,j,k,l on his qubit to obtain the transmitted state |α . Two remarks are made. First, the fact that the teleportation operator (B ⊗ 1 1 2 )(1 1 2 ⊗ B) successfully describes quantum teleportation means that the definition of the Bell transform (38) with additional local action of single-qubit gates is an appropriate generalization of the definition of the Bell transform in [27] . Second, the notation W i,j,k,l (52) is not the notation W ij in (11). The single-qubit gate W i,j,k,l in the teleportation equation (52) is in general not the Pauli gate because single-qubit gates V kl (44) and U ij (46) are usually not the Pauli gates, whereas the corresponding single-qubit gate in the teleportation equation derived in [21, 27] is always the Pauli gate. In this sense, quantum teleportation using the Yang-Baxter gate B (9) is beyond the standard quantum teleportation in [3, 4, 5, 6] and [21, 27] .
Teleportation-based quantum computation using the YangBaxter gate
In fault-tolerant quantum computation [1, 2] , Clifford gates [1, 32] such as the Hadamard gate and the phase gate (16) and the CZ gate (41), can be fault-tolerantly performed in a systematic approach, but how a non-Clifford gate such as a specific phase shift gate R φ (16) with φ = π/8 (called the π/8 gate or the T gate, T = R π/8 ), can be fault-tolerantly performed is not that explicit. Teleportation-based quantum computation [24, 25] is a type of fault-tolerant quantum computation in which the problem of how to fault-tolerantly perform non-Clifford gates becomes the problem of how to fault-tolerantly perform Clifford gates with the aid of quantum teleportation. In this section, first of all, we verify the Yang-Baxter gate B 0 (53) as a Clifford gate, which is the Yang-Baxter gate B (9) with the specific phase parameter φ = 0, and derive the teleportation equations using such the gate B 0 . Secondly, we study the fault-tolerant construction of single-qubit gates and two-qubit gates in teleportation-based quantum computation using the Yang-Baxter gate B 0 (53).
The Yang-Baxter gate B 0 (53) is a Clifford gate
A Clifford gate [1, 32] is expressed as a tensor product of the Hadamard gate H and the phase gate S (16) and the CZ gate (41); equivalently, tensor products of the Pauli matrices with phase factors ±1, ±i are preserved under conjugation of Clifford gates. Hence the Pauli gates with overall phases ±1, ±i are the simplest examples for Clifford gates. Note that Clifford gates play crucial roles in fault-tolerant quantum computation [1, 32] .
The Yang-Baxter gate B (9) is in general not a Clifford gate due to the phase shift gate R φ (16) in its decomposition formula (40). When the phase factor is zero, namely φ = 0, however, the phase shift gate R φ becomes the identity matrix and the associated Yang-Baxter gate denoted as B 0 given by
with Z = S 2 modulo the overall phase e i 3 4 π is obviously a Clifford gate. The transformation properties of tensor products of the Pauli matrices under conjugation by the Yang-Baxter gate B 0 shown below
also verify the Yang-Baxter gate B 0 as a Clifford gate. The Yang-Baxter gate B (9) and its inverse B † are the Bell transform (38), and thus the YangBaxter gate B 0 (53) and its inverse B † 0 are too. The B 0 gate acting on the product basis gives rise to the Bell basis with the local action of the Hadamard gate,
which is the special case of (36) with φ = 0, and the same is true for the gate B † 0 ,
which is the special example of (37) with φ = 0. Consider the special case of the teleportation equation (52) at φ = 0. The associated teleportation operator (B 0 ⊗ 1 1 2 )(1 1 2 ⊗ B 0 ) gives rise to the teleportation equation
where single-qubit gates K i,j,k,l = (−1) j·l+i·j+k X j+k+1 Z i+l+1 are the Pauli gates with phase factors. Furthermore, the teleportation operator can be defined in the other way, namely (1 1 2 ⊗ B 0 )(B 0 ⊗ 1 1 2 ) (refer to [21] ), and it is related to the teleportation equation
where
. Both types of the teleportation equations using the Yang-Baxter gate B 0 are to be exploited in the fault-tolerant construction of quantum gates in teleportation-based quantum computation in the following subsection.
Fault-tolerant construction of a universal quantum gate set
The detailed strategy of fault-tolerantly constructing single-qubit gates and two-qubit gates in teleportation-based quantum computation has been presented in [21] , and hence we will make a brief sketch on the relevant results in this paper.
In quantum circuit model [1] , single-qubit gates with an entangling two-qubit gate form a universal quantum gate set, namely all quantum gates can be generated as a tensor product of gates from this gate set. All single-qubit gates can be generated from the Hadamard gate H and the T gate (T = R π/8 ) [33] . The Yang-Baxter gate B 0 (53) is the Bell transform and so it is a maximal entangling two-qubit gate. Therefore, the quantum gate set including the single-qubit gates H, T and the Yang-Baxter gate B 0 is a universal quantum gate set.
To fault-tolerantly perform a single-qubit gate U on an unknown qubit state |α , namely U |α , we prepare the product state |α |kl , then firstly apply (1 1 2 ⊗B 0 ) and secondly apply (1 1 2 ⊗1 1 2 ⊗U ) , so that the prepared state has the form,
where the single-qubit gate U is acting on the entangled state B 0 |kl . Thirdly, we apply (B 0 ⊗ 1 1 2 ) on such the prepared state in order to derive the teleportation equation given by
Finally, we apply the local unitary correction operator (1 1 2 ⊗ 1 1 2 ⊗ R † i,j,k,l ) to obtain the expected result U |α . When the single-qubit gate U is a Clifford gate such as the Hadamard gate H, the related single-qubit gates R(H) i,j,k,l have the form
which are Pauli gates with overall phases. When U is a non-Clifford gate such as the T gate, the single-qubit gates R(T ) i,j,k,l have the form
with √ −1 denoting the imaginary unit, which are the Clifford gates. Therefore, the task of faulttolerantly performing the non-Clifford gate T in teleportation-based quantum computation has changed as the task of fault-tolerantly preparing the initial state (1 1 2 ⊗ 1 1 2 ⊗ T )(1 1 2 ⊗ B 0 )|α |kl and fault-tolerantly performing the Clifford gate R(T ) i,j,k,l .
To fault-tolerantly perform the Yang-Baxter gate B 0 on an unknown two-qubit state |αβ , namely B 0 |αβ , we fault-tolerantly prepare the initial state
and then perform a three-fold tensor product of the Yang-Baxter gate B 0 on such the prepared state, so that we have the teleportation equation
where the tensor product of the single-qubit gates Q and P is defined as
with the single-qubit gates K i1,j1,k1,l1 and L i2,j2,k2,l2 defined in the teleportation equations (57) and (58), respectively. After some algebra, the single-qubit gates Q and P are found to be the Pauli gates with phase factors,
where the relations (54) have been exploited.
Interpretation of the tangle relations (4) of the BMW algebra via quantum teleportation
In the previous sections, we have reformulated the standard description of quantum teleportation using the Temperley-Lieb projector and described both quantum teleportation protocol and teleportation-based quantum computation using the Yang-Baxter gate. On the other hand, the mixed relations of the BMW algebra involving both the Temperley-Lieb projector and the YangBaxter gate, such as the tangle relations (4), have not been considered so far. In this section, therefore, we clearly show that the tangle relations of the BMW algebra have a natural interpretation of quantum teleportation. First of all, from the tangle relations (4), we derive the constraint equations of single-qubit gates M ij (18) which define both the Temperley-Lieb projector E ij (17) and the Yang-Baxter gate B (48). For convenience, we make a theorem to summarize our research results and present a detailed proof for it. Secondly, throughout the proof, we realize that the tangle relations of the BMW algebra are associated with the teleportation equations characterizing quantum teleportation, which is summarized in the corollary to the theorem.
Theorem 1. In terms of the Temperley-Lieb matrix E (8) and the Yang-Baxter gate B (9), the four matrix expressions of the tangle relations (4) of the BMW algebra given by
are respectively reduced to the constraint equations of single-qubit gates M ij (18) given by Proof. As an example, let us derive the first constraint equation (72) of single-qubit gates M ij from the first tangle relation (68). We apply both sides of the equation (68) on |Ψ M00 ⊗ |α with the Bell-like state |Ψ M00 (15) and an unknown qubit |α , so that we have
where E = |Ψ M00 Ψ M00 | has been exploited. With the teleportation equation (35), the right-hand side of the equation (76) is equal to |α ⊗ |Ψ M00 , which can be further reformulated with the teleportation equation (31) , so that we have
With the spectral decomposition of the Yang-Baxter gate B (48), the left-hand side of the equation (76) can be calculated as follows,
where the symbol (M ij , M † ij ) denotes the Bell-like projective measurement operator,
Comparing both the equation (77) and the equation (78), we have
which gives rise to the first constraint equation (72). Note that the relation (72) is the necessary and sufficient condition for the relation (80) due to the facts that the Bell-like states |Ψ Mij form an orthonormal basis of the two-qubit Hilbert space and the unknown state |α is arbitrary. Similarly, the remaining tangle relations (69)- (71) can be replaced by
which can be respectively used to derive the constraint relations (73)-(75).
Obviously, the above algebraic proof has a topological diagrammatical interpretation in the extended Temperley-Lieb diagrammatical approach. Note that the operator (B ⊗ 1 1 2 )(1 1 2 ⊗ B) in the tangle relations (68)-(71) does not play as the teleportation operator in the teleportation equation (52) because it is not acting on the product state. Hence it is not appropriate to choose the extended Temperley-Lieb configurations of the Yang-Baxter gate B such as (45) and (47) in the following discussion. Instead, we take account of the configuration (49) of the Yang-Baxter gate B to study the configuration of the tangle relations of the BMW algebra. The topological diagrammatical representation for the algebraic calculation in (78) is illustrated in
where the factor 1 4 is due to the vanishing of two pairs of the cap and cup configurations in the topological straightening deformation and before such the deformation all relevant single-qubit gates have to be moved with the matrix transpose rule (23) of flowing a single-qubit gate.
Looking at both the algebraic and topological proofs for Theorem 1, we see that each of the tangle relations of the BMW algebra is associated with the corresponding teleportation equation. This observation can be summarized in Corollary 1 to Theorem 1. Figure 1 : Relationship between the tangle relation (68) and the teleportation equation (31) or (85) in the topological diagrammatical representation. Let us explain the symbols (1), (2), (3) and (4) 
Corollary 1. The four matrix expressions of the tangle relations (68)-(71) of the BMW algebra are respectively associated with the teleportation equations,
Proof. For example, we draw Figure 1 to understand the relationship between the tangle relation (68) and the teleportation equation (31) or (85). In Figure 1 , the top two diagrams represent the tangle relation (68) and the bottom two diagrams are derived from the top two diagrams, respectively, with the topological straightening deformation. The bottom two diagrams are just both sides of the teleportation equation (85). Note that the constraint relation (72) has been already assumed in our study. Similarly, the other three tangle relations (69)-(71) respectively lead to the teleportation equations (86)-(88).
Therefore, in the extended Temperley-Lieb diagrammatical approach, the tangle relations (4) of the BMW algebra consisting of both the Temperley-Lieb projector and the Yang-Baxter gate admit an interesting interpretation of quantum teleportation. Note that such the relationship is independent of the specific representation of the Temperley-Lieb projector and the Yang-Baxter gate, such as (8) and (9) presented in the reference [22] . In view of this fact, furthermore, we will investigate the subject of how to derive a general representation of the BMW algebra in the extended Temperley-Lieb diagrammatical approach in the next section.
General construction of a representation of the tangle relations (4) of the BMW algebra
It is well-known that how to construct an interesting braid representation (2) (or an interesting solution of the Yang-Baxter equation [10] ) is always a meaningful and challenge problem in the research frontier, refer to [9, 10, 11, 12, 13, 21, 34] , and the same is true for the construction of an interesting representation of the BMW algebra [16] , refer to [9, 17, 18, 19, 22, 23] . In the previous research [21] , a method of constructing the Yang-Baxter gate in the extended TemperleyLieb diagrammatical approach has been proposed, and hence in this section we want to exploit the extended Temperley-Lieb diagrammatical approach to construct interesting representations of the BMW algebra different from the representation using the Temperley-Lieb projector E (8) and the Yang-Baxter gate B (9). In view of the research result in the last section that the tangle relations (4) of the BMW algebra have a natural interpretation of quantum teleportation in the extended Temperley-Lieb diagrammatical approach, first of all, we focus on the general construction of the representation of the tangle relations (4) of the BMW algebra.
Looking at Theorem 1, we see that the tangle relations of the BMW algebra give rise to the constraint relations of single-qubit gates defining both the Temperley-Lieb projector and the YangBaxter gate. Hence we assume that the Temperley-Lieb projectorẼ and the Yang-Baxter gate U have the form in terms of the Bell-like basis |Ψ Uij given by
with single-qubit gates U ij satisfying the orthonormal condition
and then require them to satisfy the tangle relations of the BMW algebra in order to derive the constraint equations of single-qubit gates U ij .
Theorem 2. The Temperley-Lieb projectorẼ assumes the formẼ = |Ψ Umn Ψ Umn | with specified m, n and the Yang-Baxter gate U assumes the form of the spectral decomposition given by
with eigenvalues µ ij . When single-qubit gates U ij , i, j = 0, 1 and the specified single-qubit gate U mn satisfy the constraint relations:
the Temperley-Lieb projectorẼ and the Yang-Baxter gate U satisfy the tangle relations (4) of the BMW algebra.
Proof. The proof is a direct generalization of the proof for Theorem 1. For example, we derive the constraint relation (92) from the tangle relation using the Temperley-Lieb projectorẼ and the Yang-Baxter gate U given by
Both sides of the equation (96) acting on |Ψ M00 ⊗ |α give rise to
with the Bell-like projector (U ij , U † ij ) defined in (79), which can be simplified with the help of extended Temperley-Lieb configurations such as (32) and (84),
Furthermore, with the teleportation equation of describing the transport of the unknown qubit |β = U T mn U † mn |α ,
which can be derived with the extended Temperley-Lieb configuration (29) , the equation (98) leads to the constraint relation of single-qubit gates U ij ,
which is equivalent to (92). 
when the Temperley-Lieb projectorẼ and the Yang-Baxter gate U satisfy the tangle relations (4) of the BMW algebra.
Proof. The trace of the constraint relation (92) has the form
which leads to 1 2
where the orthonormal condition (90) for the Bell-like basis states |Ψ Uij has been applied. Both sides of the constraint relation (103) have the summation over the indices i, j, which completes the proof for the corollary.
As an example, we solve the constraint relations (92)- (95) to obtain interesting representations of the BMW algebra. The unitary bases U ij are set as W ij = X i Z j defining the Bell states |ψ(ij) (11) , and the unitary matrix U mn defining the Temperley-Lieb projectorẼ is also chosen as
The detailed calculation is shown in Appendix C, and the results are summarized as follows.
• The Temperley-Lieb projectorẼ has the form
where ǫ = 1 forẼ = |ψ(00) ψ(00)| and ǫ = −1 forẼ = |ψ(01) ψ(01)|, and the associated Yang-Baxter gate U has the form 
with φ ∈ [0, 2π).
where ǫ = 1 forẼ = |ψ(10) ψ(10)| and ǫ = −1 forẼ = |ψ(11) ψ(11)|, and the corresponding Yang-Baxter gate U has the form 
In the viewpoint of the extended Temperley-Lieb diagrammatical approach [21] , Theorem 2 can be easily generalized. We consider the general case for the construction of the representation of the tangle relations (4) in which a two-qubit projective measurement operatorẼ and a two-qubit gate G are involved, namely that the Temperley-Lieb projectorẼ and the Yang-Baxter gate G are not supposed.
Theorem 3.
A two-qubit projector measurement operatorẼ = |Ψ Umn Ψ Umn | and a two-qubit quantum gate G given by
with 16 entries of complex numbersG ij,kl form the representation of the tangle relations (4) when the constraint relations
are satisfied.
The proof for Theorem 3 is a direct generalization of the proof for Theorem 2, and so it is omitted here. About how to solve these constraint relations to obtain an interesting representation of the tangle relations (4) is a challenge problem in future research, because the result may be not a representation of the BMW algebra but indeed has an interesting interpretation of quantum teleportation. In addition, the constraint relations (92)-(95) and the constraint relations (111)-(114) can be reformulated with the new conventions and notations, refer to Appendix D.
Concluding remarks
In this paper, we describe quantum teleportation protocol [3, 4, 5, 6] and teleportation-based quantum computation [24, 25] using the generators of the BMW algebra including both the Yang-Baxter gate and the Temperley-Lieb projector. We point out that the tangle relations defining the BMW algebra have a close connection with the teleportation process, and thus the extended TemperleyLieb diagrammatical approach [20, 21] properly characterizes the topological feature of quantum teleportation. We propose a meaningful approach of constructing a general representation of the tangle relations of the BMW algebra and obtain interesting representations of the BMW algebra.
Notes Added. After this paper is done, we are occasionally informed that the Yang-Baxter gates (105) and (108) have been already presented in the preprint [34] . As a matter of fact, these gates are derived in two essentially different approaches. We derive such the Yang-Baxter gates in the extended Temperley-Lieb diagrammatical approach [20, 21] , whereas the authors of [34] obtain them via the algebraic approach of the cyclic group. We study and look for interesting representations of the BMW algebra, which are not involved in [34] .
A The Brauer algebra and quantum teleportation
It is well-known that the BMW algebra [16] is the algebraic deformation of the Brauer algebra [26] . Quantum teleportation using the Brauer algebra has been explored in [20] , which originally motivated the authors to study quantum teleportation using the BMW algebra and write down the present paper. Here we make a simple sketch on the Brauer algebra and its relation to quantum teleportation.
The Brauer algebra D n (d) [26] with the loop parameter d is generated by the Temperley-Lieb idempotents e i and the permutations v i with i = 1, . . . , n − 1. The Temperley-Lieb idempotents e i satisfy the algebraic relations,
and the permutation generators v i satisfy
Both generators satisfy the first type of the mixed relations,
and the second type of the mixed relations,
which are called the tangle relations of the Brauer algebra in this paper. A tensor product representation of the Brauer algebra can be constructed in terms of the Bell state projector |Ψ Ψ| (11) and the permutation gate P defined by P |ij = |ji as follows
with the loop parameter d = 2. Using the Bell state projector |Ψ Ψ|, we perform the teleportation process in the way
which is a special case of (26) for i = j = 0. In terms of the permutation gate P , we define the teleportation operator as (1 1 2 ⊗ P )(P ⊗ 1 1 2 ) to swap the quantum state in the way
(1 1 2 ⊗ P )(P ⊗ 1 1 2 )(|α ⊗ |ij ) = |ij ⊗ |α .
With the configuration (21) of the Bell state projector |Ψ Ψ| and the extended Temperley-Lieb configuration of the permutation gate P ,
we reformulate the tangle relations (118) of the Brauer algebra as (P ⊗ 1 1 2 )(1 1 2 ⊗ P ) (|Ψ ⊗ |α ) = 2(1 1 2 ⊗ |Ψ Ψ|) (|Ψ ⊗ |α )
which can be reduced into the teleportation equation (27) , refer to the proof for Corollary 1.
When the permutation gate P is replaced with the Yang-Baxter gate B (9), the above representation of the Brauer algebra is substituted by the representation of the BMW algebra, so the study of quantum teleportation using the Brauer algebra in [20] naturally points towards the study of quantum teleportation using the BMW algebra in this paper. 
which together with (127) point out the fact that no transparent topological deformations exist between such two configurations, although they are algebraically equivalent.
C How to solve the constraint relation (92)
For example, we make a sketch on how to derive the representation of the BMW algebra, such as (104) and (105) 
which can be reformulated as
Since the unitary bases U ij satisfy the orthonormal relation (90), we have the constraint equation of the eigenvalues µ ij of the Yang-Baxter gate U (91), 
which represent a set of equations given by µ 00 (µ 00 + µ 01 + µ 10 + µ 11 ) = 2; (133) µ 01 (µ 00 + µ 01 − µ 10 − µ 11 ) = 2;
(134) µ 10 (µ 00 − µ 01 + µ 10 − µ 11 ) = 2; (135) µ 11 (µ 00 − µ 01 − µ 10 + µ 11 ) = 2.
Solving the above equations, we have three classes of solutions for the eigenvalues µ ij as below.
• Class 1: µ 00 = e iφ , µ 01 = e −iφ , µ 10 = e −iφ , µ 11 = −e iφ , which determine the YangBaxter gate U (91) as U = 
• Class 2: µ 00 = e iφ , µ 01 = e −iφ , µ 10 = −e iφ , µ 11 = e −iφ , which determine the YangBaxter gate U (91) as U = 
• Class 3: µ 00 = e iφ , µ 01 = −e iφ , µ 10 = e −iφ , µ 11 = e −iφ , which determine the YangBaxter gate U (91) as U = 
Similarly, when the unitary bases U mn are the Pauli gates X, Z and XZ, respectively, the other solutions of the Yang-Baxter gate U (91) can be obtained. The collection of all the solutions has been presented in (104) and (105) or (106), or (107) and (108) or (109).
D Reformulation of the constraint relations (92)-(95) and (111)-(114)
Both the constraint relations (92)-(95) and the constraint relations (111)-(114) looking complicated, we introduce the new conventions to simplify their formulations. We define the skew-transpose on the product of two matrices as (B C)
where the skew-transposition ST does not interchange B T and C T as the ordinary transpose does. With the new notations given by
with specified indices m and n, the constraint relations (92)-(95) have the simplified forms 1 k,l=0 
where the skew-transpose ST is commutative with the Hermitian conjugation †. As a remark, the notation O αβ is introduced to remove the indices m and n so that the algebraic structure of the constraint relations (92)-(95) is presented in a more transparent way. Furthermore, with the new notation
the constraint relations (111)-(114) have more simplified forms
